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HYPOELLIPTIC CONVOLUTION EQUATIONS IN K ,, p > 1
BY

G. SAMPSON AND Z. ZIELEZNY

ABSTRACT. We consider convolution equations in the space K, p > 1,
of distributions which “grow” no faster than exp(klxlp ) for some constant k.

Our main result is a complete characterization of hypoelliptic convolu-
tion operators in K;, in terms of their Fourier transforms.

In [7] and [8], the second author studied hypoelliptic convolution equa-
tions in the space S’ of tempered distributions and in the space K} of distribu-
tions of exponential growth. The purpose of the present paper is to extend these
investigations to the space K;,, p > 1, of distributions which “grow” no faster
than exp(k|x|P) for some constant k.

More precisely, we study convolution equations of the form

(1) SsU=V,

where S is a distribution in 0,(K}, : K,), the space of convolution operators in
Kp»and U, V € K,,. The space EK}, of C™-functions in K, is defined in a
natural way, and the equation (1) is said to be hypoelliptic in K;, if all solutions
U € K, are in EK, whenever V € EKp,.

Our main result is the following characterization of hypoelliptic convolu-
tion operators in K;, in terms of their Fourier transforms (which are entire ana-
Iytic functions).

THEOREM L. A distribution S € 0(K,, : K},) is hypoelliptic in K,, if and
only if its Fourier transform $ satisfies the following conditions:
(hy) There exist positive constants B and M such that

BEI> k"8 ift€R" and It > M.
(hy) Im{/loglt] — eoas [ — oo, § € C*, 8(5) = O, where 1/q + 1/p
=1.
We also prove
THEOREM 1. Conditions (h,) and (h,) combined .are equivalent to
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134 G. SAMPSON AND Z. ZIELEZNY

(h;) Given € > 0 one can find a B > 0 such that for every m there exists
a constant C,, so that |1/S@)| < [§Be€Im $17 if [Im¢19 < m loglt| and 1§ > C,,.

We note that, if S is in the space E' of distributions with compact support
and g = 1, then conditions (h,) and (h,) are necessary and sufficient for S to be
hypoelliptic in D' (see [1] and [4]).

1. The spaces K, and K;,. We denote by K, p > 1, the space of all func-
tions ¢ € C*(R™) such that

n@= sup eFxP|D%x)| <eo, k=1,2,...,
x€R";jlal<k
where D* = (i"19/ox,)*1 - - - (i"'0/0x,)*n and lal = @, + -+ - + .

The topology in Kp is defined by the family of seminorms vy. Then K,
becomes a Frechet space and the injections 0 — K, — E are continuous; here
E denotes the space of all C*-functions and D the space of C™-functions with
compact support (see [6]).

By K we mean the space of continuous linear functionals on K The

restriction T to D of a functional T € K is a distribution. Also, since D is dense
in K,, T is determined by its values on D ie. by T. Thus we can identify T
w1th T and regard K as a space of distributions. We characterize the distribu-
tions in K by their * growth” at infinity.

THEOREM 1. A distribution T € U’ is in K}, if and only if there exist posi-
tive integers m, k and a bounded continuous function f(x) on R" such that
amn p
¥)) T=—— [>*Ffm)].

m., .. ax™
0x; 0x,,

PrOOF. In case p = 1 the theorem was proved in [3]. For arbitrary p >
1, one can apply a similar argument which we present here for the sake of com-
pleteness.

It is obvious that a distribution of the form (2) defines a continuous linear
functional on K,,.

Conversely, suppose that T is in K;,. We first prove that, for some positive
integer k, the set of distributions

—kglyIP
3) {e koly! 7,7,y € R"},
where 7, T, is the translation of T, by y, is bounded in 7.

Since T is continuous on K, and the seminorms v, are increasing, there
exists € > 0 and a positive integer k; such that
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@ ve(¢) <e implies |T(y)l <1

for all integers kK >k, and all p € Kp-
On the other hand, we have |x — y|? < 2P(|x|? + |y|?) and therefore

v(ox +y) = sup  ekxPD%y(x 4 y)|
x€R™;leI<k

= sup ekixyP|D%(x)|
) x€R";lal<k

< ekzplylp sup ek2plx P IDa‘Kx)I = ek2plylvk2p(¢)
x€R";lal<k2P

for all € K,. Consequently, if ko > k,2°, we infer from (4) and (5) that
P 0=

- - P -
ke 0P T, wop = KT, €07 gt + y0I < €™My (@)

for all ¢ € D, which proves that the set (3) is bounded in 0.

By a theorem of L. Schwartz (see [6, Vol. 2, Theorem XXII]), for every
relatively compact open set & C R" there exists now an integer N >0 and a
sufficiently small compact neighborhood K of the origin such that, for every ¢
€y,

—knly|P
e *o! 7,(T * ¢): y ER"}

is a bounded set of continuous functions in . It follows that e *01*1P(T » y)(x)
is a bounded, continuous function in R”.

Let now E be a fundamental solution for the iterated Laplace operator A™,
ie. AmE = §. If m is sufficiently large, E is N times continuously differentiable
and E € C*(R"\{0}). Therefore, if ¥ € D and v = 1 in a neighborhood of the
origin, we have yE € DY and § = A™(yE) — W where W € Dy. Hence T =
A™(YE * T)— W * T and so

© r= % 0" f )
lal<m
where f, are bounded, continuous functions in R". Taking primitive functions,
if necessary, one can reduce the right-hand side of (6) to one single term of the
form (2).
We introduce in K;, the topology of uniform convergence on all bounded
sets in K.
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2. Convolutions in K;. The convolution of a distribution T € K;, and a
function ¢ € K, is defined as follows

(T * 9)x) = (p * T)x) = (T, p(x —y)

Using Theorem 1 one can easily verify that T # ¢ is a C™-function such that, for
some integer k, >0,
P
IDX(T * Pl < C,e"o™",
where C, are constants.
More generally, convolution operators in K", can be defined and character-
ized similarly as in K} by applying a method of L. Schwartz (see [5] and [3]).
For simplicity we define directly the space 0,(K, : K},) of distributions in K,
which are convolution operators in K.
Let v, k=1,2,...,be positive functions in C™(R") such that

™ 7, (x) = e* xP for |x| > 1.

THEOREM 2. For a distribution S € K;, the following conditions are equiy-
alent:

(c,) The distributions S;, = v, S, k=1,2,...,arein §'.

(c,) For every integer k = 0 there exists an integer m = 0 such that S =
Z\q1<mD*f, where f,, la| < m, are continuous functions in R" whose products
with ek1xIP gre bounded.

(c3) For every ¢ € K, the convolution S * g is in K.

ProoF. We prove the implications (c,) <= (c,) and (c,) <= (c3).

Suppose that condition (c,) is satisfied and let k be an integer > 1. Since
Si+1 € S, we can write S, , = D°f where fis a continuous function in R"
such that

® f&)=0(1 + Ixl') as x| — oo
for some integer > 0. Hence S = 73} ;D°f = Z3<,D* Pf; where

f3x) = DDy (%) = Oe* 1> Py as |x| — oo

in view of (7) and (8). This proves the representation (c,).
Conversely, if (c,) holds for some given k, then S, = %S = 2\ < m V4D fo»
and applying to each term of the sum the Leibnitz formula one can see that S,
is a sum of derivatives of functions which grow like polynomials. This means
that S, isin S'.
By what has just been said, the convolution S * p of S € K", and g € Kp
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is a C”-function. If S satisfies condition (c,), then
Sxp= Y D°f)*¢= X f,*D%
lal<m lal<m

where f,,, la| < m, are continuous functions decreasing as fast as e—*Ix1P, There-
fore

Ity # Do) = | [T 1.0)D%x - y) dy

)]
<C, I 2 ek {lyP+1x-yP} gy,

where C,, la| < m, are constants.
Given now any integer I > 0, we choose k so large that £ > 2P] + 1. Since

(10) IxIP < 2P {|yPP + |x —yIP} forallx,y ER",
we conclude from (9) that
I(f, * D®p)(x)| < Ce~ 1317,

where C3, la| < m, are other constants. Since ! was arbitrary, we proved that
S *# p € K,,, i.e. condition (c,) is satisfied.

Conversely, from (c;) it follows that, for any given integer k¥ > 0, the set
of distributions

an {ek=Pr.S, : x €R"}

is bounded in 0'. In fact, for any ¢ € D, (r,.S,,, o)) = (S * $¥—x) where {(x)
= ¢(-x). But S * @ is in K, which shows the set (11) is bounded in 0’. Apply-
ing now an argument analogous to that used in the proof of Theorem 1 one ob-
tains for S the representation (c,).
We denote by 0(K, : K},) the space of all distributions S satisfying the
equivalent conditions (c,)—(c,); it is the space of convolution operators in K",.
If S € 0,(K,, : K,) and T € K,, we define the convolution § » T by

S*T,d=(T*S, =(T,S*g),

where ¢ € K, and (S, @ = (S, ». The definition is consistent, since § » ¢ =
(S * ¢)" is in K, and from the proof of the implication (c,) = (c3) one can see
that the mapping ¢ — S * ¢ of K, into K, is continuous.

If both § and T are in 0,(K, : Kp) then S * T is also in 0(K}, : Kp). This
follows from condition (¢,) and the associativity of the convolution, when all
factors are in 0,(K}, : K).
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It is also easy to prove that the convolution commutes with differentiation,
ie. D*(S*«T)=D*S*T=S»D°T.

3. Fourier transforms. For a function ¢ € K,,, the Fourier transform @ is
defined by

o) = J‘j:e'“’"”cp(x) dx
where {x, £ = x,§, + - +Xx,£,. Also, the inversion formula holds, i.e.

A distribution S € 0,(K, : Kp) isin S ', its Fourier transform 8 is defined
by the Parseval equality

o(x) =

S, Py =4S, ¥y forevery y €8

(see [6, Vol. 2]).
We establish a Paley-Wiener type theorem for the spaces K, and 0,(K, : Kp)-
It is based on the following theorem due to G. I. Eskin [2].

THEOREM (ESKIN). An entire analytic function F({) satisfying the estimate
(12) IF( + in)l < C(1 + [g)NVedrnt?

for some constants A, C, N > 0 and q > 1, is the Fourier transform of a distribu-
tion S € S' of the form

(13) s= 3 D%,

lxl<m

where m =N +n + 2 and f,, lal < m, are continuous functions which, for
every € > 0, fulfill the growth condition

149 fo(%) = O(e=B=)1xP) g5 |x| —> oo

with B = p~'(qA) ™! and p = q/(q - 1).
Conversely, if S € S' is of the form (13) with the functions f,, satisfying
the growth condition

@15) £,0) = O(e~B1xP) g5 |x| —> oo,
then the Fourier transform of S is an entire analytic function F($) such that
(16) IFE + in)l < C,(1 + [ghmea+e)ni?

where € > 0 is arbitrary and C, is a constant (depending on e).
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Observe now that by increasing the constant B in (14) and (15) we can
make A in (12) and (16) arbitrarily small. Also, for a distribution S € S’ we
have the formula £2§ = (D*S)".

The above observations combined with the definition of K, condition (c,)
in Theorem 2 and the theorem of Eskin lead immediately to

THEOREM 3. (a) An entire analytic function F () is a Fourier transform
of a function ¢ € Kp if and only if for every N and € > 0 there exists a constant
C such that

IFE + i)l < CQ + [g)Neem?,

(b) An entire analytic function F () is a Fourier transform of a distribution
S€ 0 K'p : K,',) if and only if for every € > 0O there exist constants N and C
such that

IFE +in)l <C( + |EhVesin,

In both (a) and (b),q =p/(p - 1), =Re$and n =Im¢.

Let K, be the space of Fourier transforms of functions in Kp. We define
in K, a locally convex topology by means of the seminorms

wW) = sup (1 +EDemUkYE+in)l, k=1,2,....
t+inech
THEOREM 4. The Fourier transformation is a topological isomorphism of
Kp onto K .

Proor. By Theorem 3 and because the Fourier inversion formula is valid
for functions in Kp, the Fourier transformation is an isomorphism of Kp onto
K,. In view of the open mapping theorem it therefore suffices to show that the
mapping ¢ — @ of Kp into K, is continuous. For that purpose we observe that
if k is any given integer > 0 and we choose k' > kP~ + 1 then, for every multi-
index a with |o| <k,

£ 3¢ + in)l = I [ e HTD ) dx

< [T ek dxyue) < [ e P e ()

where a = ¢~ {(*' - 1)p} "1/®°~1) < 1/k. Hence we conclude that w, (?) <
Cu,+(y) for some constant C (independent of ¢), which proves the desired con-
tinuity.

Let K;, be the space of continuous linear functionals on K,. We equip it
with the topology of uniform convergence on all bounded sets in Kp. Each
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distribution T € K, has a Fourier transform " in K, defined by the Parseval
formula (T, § = @Y (T, ), ¢ € K. Moreover, from Theorem 4 we obtain

CoROLLARY. The Fourier transformation is a topological isomorphism of
K, onto K.

Ifse OL(K; : Kp) then, by Theorem 3, ¢ — Sy is a continuous linear
mapping of K, into K,. Therefore, if T is the Fourier transform of a distribu-
tion T € K;,, one can define the product ST vy

T, =<, 8%, VEK,.
Moreover, one can easily prove that (S * Tj = ST,

4. Hypoelliptic convolution equations. We denote by EK;, the space of
all C™-functions f such that

(17) D°f(x) = O(e?'*””) as |x| —> oo,

for some constant a (depending on f) and all multi-indices @. Obviously EK;, is
a linear subspace of K.

THEOREM 5. If S € 0,(K}, : K,) and f € EK,, then S * f € EK,.

ProOF. Suppose that f satisfies condition (17) for some a. Since S is in
0.(K}, : Kp), it admits the representation (c,) in Theorem 2, i.e. for every integer
k > 0 we can write S = 2, ¢,,D%f, where f,, || <m, are continuous functions
such that

f,(x) = 0(e7*1xIP) a5 |x| —> oo,

Choosing k > 2Pg + 1 and applying the inequality (10) one can see that the
functions fa(y)DBf(x ~ y)eVP-a12x1P a1 bounded for every multi-index f.
Therefore the convolutions

ho(x) = Uy # 0 = [ £.0) G- 5) dy
are C™-functions and fulfill the growth conditions
DPn (x) = 0(e2'12*1P)  as |x| —> oo,

It follows that the functions A, are in EK;, and consequently S * f =
Zia1<mD"hg I8 in EK).

We now consider the convolution equation (1),i.e. S * U= V where S €
0:(K}, : K,) and U, V € K, If there exists a solution U in EK], then, by Theo-
rem S, ¥ must be in EK,.

Conversely, if all solutions U € K;, are in EK", whenever ¥ is in EK'P, the
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equation (and the distribution S) is said to be hypoelliptic in K;,. In the next
two sections we prove that conditions (h,) and (h,) in Theorem I are necessary
and sufficient for § to be hypoelliptic in K.

S. Necessity of conditions (h;) and (h,). In order to prove the necessity
of condition (h,) we first study series of the form

(18) 3 45
=1 ] (,'5)

where 8(].5) is the 8-Dirac measure with singularity at #tE R" and the coefficients
a; are complex numbers. We assume that

(19) #>2,8>2,  j=12,...,
and
(20) a4 = O(lE") asj— oo,

for some integer u > 0. Then the series (18) converges in S'.
The following lemma is a slightly strengthened version of Lemma 1 in [7].

LEMMA 1. Suppose that T is a distribution in S' whose Fourier transform
Tis of the form (18), i.e.

7= 5
1) T FZI“, )

where fgoda,j=1,2,..., satisfy conditions (19) and (20).
If, for every integer v > 0,

(22) a; = 0(|;£™) asj—> e,

then T is a C™-function bounded in R" together with all it§ derivatives.
Conversely, if condition (22) is not fulfilled, then T is not in C”(R™).

PrOOF. By virtue of (20) and (21), T = (21r)’"2;'=laie“"'i” where the
series converges in S'. If the coefficients a; satisfy condition (22), the last series
converges uniformly in R” together with all its term-by-term derivatives, which
proves the first part of the lemma.

Conversely, if T € C*(R™) then, for every » >0 and p € D,

(P AT, p(=x)) — 0 as || — o,

h €R™. Hence

(23) Ty (BT, 86N = 3 ;£ 3% ~ h) — 0,

.

=1
by application of the Parseval identity.
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We now choose ¢ so that
(29 1¥0) > 1.

If condition (22) is not satisfied, then there exists p > 0 and an integer v, > 0
such that

(25) |l

*0lg) > p

for a subsequence of {aj}, but without loss of generality we take the whole se-
quence. Also, since @ € S, we have

@9 e = 0™ 72707y as gl — =, fER"
Setting ;A = ;£ and making use of (19), (20) and (26) we obtain

Z gl - ) =0Q ") ask— e,
j=14#k

On the other hand, conditions (24) and (25) imply that la,| | £**0|#0)|
= p. This contradicts the convergence (23). Our assertion is thus proved.

THEOREM 6. If a distribution S € 0(K,, : K;,) is hypoelliptic in K, then
its Fourier transform S satisfies condition (h,).

ProoF. If condition (h,) is not satisfied then there exists a sequence {;£}
C R” defined as in Lemma 1, such that
@n 15Ge < 187
The distribution U= E;;‘B(,.E) isin S’ and, by Lemma 1, Uis not in C™(R").
But -
=1

whence, applying (27) and again Lemma 1, we conclude that S * U is in EK;,.
Thus § is not hypoelliptic in K.

REMARK. One can modify Lemma 1 and Theorem 6 so as to obtain a
proof of the necessity of condition (h,).

In the proof of condition (h,) we may restrict ourselves to continuous
solutions of the homogeneous equation.

THEOREM 7. If every continuous solution of the homogeneous equation
(28) S*xU=0

which satisfies the estimate
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(29) U(x) = O(e*'*P) as |x]| —> oo

for some k > 0, has continuous first order derivatives in a neighborhood of the
origin, then condition (h,) holds.

PrRoOF. Without restriction of generality we may assume that the neighbor-
hood of the origin is the ball B = {x: |x| < 1}.

Fix now k > 0 and denote by H, ; the space of continuous solutions of
equation (28) satisfying the estimate (29). In Hp’ x we define the norm

W= sup |UR)e*xP,
:ceR'l

We also denote by H;' « the subspace of H, , consisting of functions with con-
tinuous first order derivatives in B; a norm in H , is defined by

n
Wul* =11ull + sup 3
Ix|<1 /=1

ou
—xi-(x)

It is easy to see that H,, , and H} , are Banach spaces. By assumption H,  is
mapped by the identity mapping onto H;' k- The mapping is closed and therefore
continuous. Thus there exists a constant C > 0 such that

(30) IUI* <CIUIl forall UEH,,.

If §¢) = 0 for some ¢ € C*, then Uyx) = e“5*) is a solution of equation
(28) and U, € Hp .. But
"Uo" = sup e—mx)>—kiIxP = eBnl?
x€R"
where B = ¢~ (kp) /7, and | Ugll* = Ul + =}, I5;le™" > WU, |l + I81. Thus,
from (30) we obtain
. [nl?
lim
gi—e logi{l]

> q(kp)?®,

and since k is arbitrary we conclude that condition (h,) is valid.

CoroLLARY. If S € 0.(K, : K) is hypoelliptic in K}, then condition
(h,) holds.

6. The implication (h, ), (h,) = (h;). For g =1 this implication was
proved by L. Hérmander [4]. In this section, we modify suitably Hormander’s

argument to our case. First we establish the following lemma on harmonic func-
tions in R?.

LEMMA 2. Given A, B, b > 0 and q > 1 one can find a constant N > 0
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such that if u is a harmonic function for x* + y2 < p? and satisfies the inequal-
ities

€30 u(x, 0) <0, u(x,y)>-alyl -BA, x*+y*<p?,
then it follows that
(32) u(x, y) <alyl? + (B +by?, x*+y*<p?

provided that 0 <a < A and 0 <r < p/N.

PROOF. Assuming that the lemma is false one can find a harmonic func-
tion v in R? and real numbers ag, x4, yo such that

(33) ux, 0)<0, ux, y)>-a4lyl? =B, u(xg ¥o) Zaolyel" + (B + ).

This can be accomplished in the same way as in the proof of Lemma 1 in [4].

From the first two inequalities in (33) it follows that v is a linear function
of y, since v must be a harmonic polynomial which is bounded when y is
bounded. Suppose that u(x, y) = cy +d. Then d <0, by the first inequality in
(33), and from the remaining two inequalities in (29) it follows that

(34 ayly? +cy +B+d >0
and
(35) aglyol? —cyo + (B +b)—-d <0.

In particular, setting y = -y, in (34) we obtain aylyel? —cy, + B+d >0
which contradicts the inequality (35), because d < 0.

Let now S be a distribution in OL(K;, : K;,) whose Fourier transform satis-
fies conditions (h,) and (h;). Then there exist constants B,, M; > 0 such that

(36) 18@1> kI8 if e R, > M,
and
(37) Inl/logl§] — o if ¢ = +in € C", [{| =, S&) = 0.

Furthermore, by Theorem 3, to every € > 0 there exist constants B,, M, > 0 so
that

(38) I5¢)! < [&P2ecn? i e, k1> M,.

THEOREM 8. If the Fourier transform 8 of a distribution S € O;(K;, : K;,)
satisfies conditions (36), (37) and (38), then to every m > 0 one can find a
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constant C,, such that

(39) /8@ < g2 B1+B2+ Veetn? i 1n < m loglt]
and |§] > C,,

PROOF. Let M be a positive constant which we fix later. Given { €C*
such that 0 < |n|? < m log|¢| we consider the analytic function of one complex
variable z defined by

Fy(z) =8 + zn/lnl) for 21 < MloglEl.

If |1 is sufficiently large, conditions (36), (37) and (38) imply that

(40) IF)l > IED™°1 if x €R, [xI? < Mloglgl,
and
@1) IF@)| < ) 2ee7? if 1219 < Mloglel.

The function u(z) = log {(2IE)~E1 IFg(z)l'l} is harmonic for |z]9 <
M log(¥) and large |¢], by virtue of (37). Moreover, from (40) and (41) it follows
that

“2) ux) <O if x €Rand |xI? < Mloglél
and
(43) uy(z) > —elyl - (B, + By)log(2l&l),  IzI¥ <Mlogltl.

We now apply Lemma 2 with the constants A =1 +¢€,B =
(B, +B, +1)[(m + 1), b =1/(m + 1) and r? = (m + 1)logl|t|. If N is the
constant in the lemma, we set M = N9(m + 1) and we observe that

(B, + B,)log(2It) < (B, + B, + Nloglt| = Br,
if [¢] is sufficiently large. Thus, by Lemma 2, we have
(449) u(2) eyl + (B, + B, + Dloglt| if 12° <r? = (m + 1loglél.
Since

T < mlogltl € (m + Dlogll = r?

if |¢] is sufficiently large, we may substitute z = i|n| in (44). Then we obtain
10g {(21E) P 1ISE)'} < el + (B, + B, + Dlogltl

whence we conclude that
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115G < 1875172 2geint® < g2 F1#B2* Doernie
where [] is sufficiently large. This proves Theorem 8.

COROLLARY. For a distribution S € 0,(K, : K}), conditions (h,) and (h,)
combined imply condition (h;).

7. Parametrices. We define suitable parametrices for a distribution S €
0:(K, : Kp) and prove that these parametrices exist if S fulfills condition (h,).

In what follows b is a positive number and %k a positive integer.

DEFINITION. A distribution P € K;, is said to be a (b, k)-parametrix for S
if it has the following properties:

(p,) There exists an integer m > 0 such that P = Z,,,,D*F, where F,,
lal < m, are continuous functions in R” such that F (x) = O(e=5!xI?) as |x|
_— 00,

(p,) S *P=25—W,where § is the Dirac measure and W is a function in
C*(R™) satisfying the growth condition D*W(x) = O(e~?1xIP) as |x| — oo when
lal <k.

THEOREM 9. Let S be a distribution in 0K}, : K,) which satisfies condi-
tion (hy). Then for each pair (b, k) there exists a (b, k)-parametrix for S.

Proor. In order to simplify the notation we present the proof of Theo-
rem 9 for n = 2. The general case can be handled in the same way.

We apply condition (h,) with € and m to be fixed later. Suppose that (h;)
holds for some given €, m, B >0 and C,, > 1. Then the function

F(x, §) = {2m28®)E, HFy e

is analytic in §, when In|? < mlog|¢] and [{| = C,,, provided that C,, is suffi-
ciently large. If u> B/2 + 1, then F(x, £) is integrable over R*\Q, where Q =
(¢ ER?: El<Cpi=1, 2}. Moreover, if u is even and

@5) hx) = f [ Fex, pyag, d,,

RAM\Q
then it is easy to verify that the distribution

(46) H = A*h
satisfies the equation
47 S*H= 5—(_2")5” 0 g gt ()

The integral in (45) can be represented as

(1) In what follows we assume that u is even; otherwise we should need ~atin (46).
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(48) ~£f - IIEIDCMI—: +I—: flz2|>cm “Jig e, I|$2|>cm'

RA\Q
We now replace the iterated integrals in (48) by integrals over contours in the
respective complex planes.

Let o be a C”-function of one real variable 7 defined for > 0 in such a
way that o(r) = C,, for 0 <r<C,,, o is increasing forr = C,,,and o(*) = C,, ear?
for r > 2C,,, where a is a positive constant. We extend ¢ to negative values of
r by setting o(=r) = —o(r). We also denote by o* an increasing, odd C* -function
on R such that d¥ofdx¥|._o =0,k = 1,2, ..., and 0*(r) = o(r) for r > C,,.

Further, let 7 be an even, C*-function on R such that 7(r) = 0 for |r| < Ch»
7 is increasing for r > C,,,, and 7(r) = clrl’/? for |r| > 2C,,, where c is a positive
constant.

We assume that

(49) W21 <mloglo(r) for |r|>C,
which implies that
(50) W2¢)! <ma

Given any x = (x,, x,) in R? we denote by A (or A}, respectively) the
contour in the complex {; plane defined by §;(r) = o(r) + i sgn x;7(r), where r
runs from —e to —C,, and from C,, to o (or by {(r) = 0*(r) + i sgn x;7(),
where r runs from —oo to o, respectively). By the inequality (49), the contours

Ay x A3, AT x A, and A x A, lie in the domain In|? <m log[¢]. If, in addi-
tion,

(2] u>B+em+1

then we can write
Gy = (‘[\1 I\ ¥ I\ : Lz - J:\ 1 _[\2>F(x, Q) dt, dt,.

We denote by A; and A* the parts of the contours A; and A¥, respectively,
obtained by restricting the values of the parameter r to the interval (—|xI, |x[).
The remaining portions of A; and A¥ will be denoted by I; and T'f, respectively.

If
hy(x) = <Ir1 .fr; + fr; J.r'z - Irlfrz)F(x’ §)dt, dty

we now set P = A'h, . Then, by virtue of (46), (47) and (52), we have
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(53) S*sP=56-W
wkere
1 i, £
W=S+*Ath, + — e dE, dt
*ny g B
and

hz(x) = (I}\l I)\! + -’;I J.;\z - IAI IA2>F(x’ f)d"z dg’l'

The proof of the theorem follows immediately from the next two technical
lemmas.

LEMMA 3. The function h, satisfies the growth condition
(54) hy(x) = O(e=<*1P) a5 |x| — oo.
Proor. Consider first the integral

J‘Pl J-F 2 F(x, i')di‘z dgl = J’ltl I>|xIJ‘lt2 1>1x| F(x' g(t))g-,l(tl K;(tz)dtz dtl

where §(2) = (§,(¢,), £,(¢,)) and f;(t,‘) =o(f) +isgn xj"(t])af =1,2.
For |¢,] and |t, ] sufficiently large, we have

1€ @), SEMNH = exp {ua(lt, 1P + [, 1P)}

and
I183(61 )83t < %121P exp {a(l2, 1P + [£,1P)}.

Also, from (h,) it follows that

< 13()IB exp{eln()I¥}

1
l @)

<2CB exp{(Ba + e(c V2)')(I1, 1P + |1,1P)},

provided that |#,| and [¢,] are sufficiently large.
Further, if |¢, |, |£,] > |x], we have

lexp {&x, $NH = exp{—c(bx, | |£;1P/? + |x,| 1£,[P/)}
<exp{—c(lx,| + Ix, DIxIP/?} < exp{-clx|?}.

Consequently, for |¢,| and |¢,| sufficiently large and > |x|,
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IF @, X8 )52(8)1
(55) < (21)72CE, exp{-clx|P}|1IP

x exp{[Ba + a — pa + e(c\/2)?](It, P + |£,1P)}.
But

Ba+a—pa+elc2)y <aB+1-u+em)<0,

because of (50) and (51). Therefore the right-hand side of (55) is integrable
with respect to ¢, and 1, over |¢,1, |t,| > C,,, which proves the growth condi-
tion (54) for the integral under consideration.

We now observe that

(56) foo I, P g ae, = [ f Fe tya, as,

where I, is the line §,(¢,) = ¢, + isgnx, 7(|x[) directed from —eo to co. The last
integral is equal to

J‘-:- L‘z|>|x| F(x’ g(t));-'z(tg) dtz dtl’

where §(0) = (§,(1,), §3(82)), 8, (#y) = ¢, +isgnx,7(Ix]) and §,(2;) = o(r;) +
i sgn x,7(t,).
If 2,1, |2, are sufficiently large and [7;| > |x|, we now have

KS@), SN > (2 + 2172y,
182(2)1 < %le, Pesltal?
and, in view of (h;) and (49),
11BCO) < (2 + €222 P PBecevDlie,?

< (@} + ez yBimes2
Also, for |t,] 2 x|,

lexp {i(x, §(EN}H | < exp{—c(ix, | IxIP/9 + |x,| It,|P/9)}
< exp{-c(ix, | + |x, DIxIP/9} < exp{-clxI”},
so that, finally,
\F(x, §'(f))§;(tg)| < (2")—2 e_c|x|p| t2|pea|f2 |P(t§ + ezaltz IP)a-u+me/2

< @n) e cxP|r, P12 P (12 4 P2o12Py-1-mep2
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because of (51). Since the last expression in (57) is integrable with respect to
t, and ¢, for t; € R and |¢t,| = C,,, condition (54) holds for the integral (56).
The integral [, fr3 F(x, §)d{, d§, can be estimated in the same way. Lemma
3 is now established.

LEMMA 4. Given any pair (b, k)we can choose the constants e, a (suffi-
ciently small) and m, c (sufficiently large) so that

D*W(x) = O(e~2'*IP) g5 |x| —> oo
for ol <k.
PROOF. Assume that x| — o through x,, x, = 0; otherwise we could

modify suitably our argument.
By definition,

1
(58) DW =5+ Dty + =D [ [ d0 ay, a,
Qo

where
hy(x) = (IMIM + fki I\ - J;n _’;2>F(x, 0)dt, dt,.

It is easy to verify that h, is a C”-function such that h,(x) = 0 for |x| < C,
and

Dahz(x) = 0(e¢(|a|+l)|x|p) as |x| —> oo

for all a.

On the other hand, by Theorem 2, for every integer p one can find an inte-
ger I such that § = Elﬁl< ,Dﬂfﬁ, where fj, 8] <1, are continuous functions in R"
satisfying the condition

(59 f36) = 0(e=#1xP) as |x| — oo,

Therefore, if g is so small that 2u + k + 1 + 1)a < p, we can write

(€0) s*D"a*n, = T (D[ [ f0D5 Mk, (x - y) dy, dy,y
1BI<1

where |a]| <k.

We decompose h,(x — y) as follows: h,(x —y) = g,(x, ») + g,(x, »)
where g, (x, y) is defined similarly as h,(x — y) except for the contours which
are parts of A}, A,, A}, A} obtained by restricting the parameters ¢, ¢, to the
interval [~|x|, |x|] (instead of [~} — |, |x —»I]).

The function g, (x, y) is a sum of three integrals one of which is
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Ix1 ’ ’
-y S t t,)dt, dt
(61) —1x1 j;xl>lt2|>0m F(x -y, §( ))fl( 1)§2( 2)dt, 1

where $() = (§,(,), $2(25)), §,(2)) = 0*(ty) + sgn(x, —y,)7(t;) and §,(25) =
o(t,) + sgn(x, — y,)7(t,). Its contribution toward the right-hand side of (60) is

l (-] X,
(21r)2D f"!-“xz e ar, di,

et —x1)-r(ix1)

(62)

+ Y (—l)"""; j'fj J:; [f,(v)D';“’ ak j"" D £y, nat, d:,] dy, dy,

*2 +8 Ap [TOx1)
+J:|L" [f’(y)D; & I-r(lxl) 121813 Cpy Fae. 3. Oty at l] dy; dy,

+8 Au 7(Ix1) (r(x1) F. ) dt, dt
aa [f,(y)o; 8 [0 [ o, 3, )ty ity |y dyy

where the functions F,, F,, F; are defined by
1
Fix 0= IZ% (@ VRSO R ACHEACH
3
Fyx, 3. )= Y C1)VF(x -y, g@O)81)830,),
=2

1
Fy(x, y,8) = z (_I)H.,F(x Vs (t))r,:"'x(tl)r,:{;(tZ)’

r,s=0

where

RO = (810, £5()), ra8@) = G i61(01), 5 485(285))

,&',(tl) = o*(t,) + ir(Ixl), ;Iz(tz) = (-1)o(|x]) + it,, j=0,1,

A1) = D% +ity,  5y() = ofty) +in(lxl), j=2,3,
rned1(t) = CI (XD +ity,  , 85(t) = C1)o(lx]) + it,.

In deriving (62) we made repeated use of Cauchy’s integral theorem.

For sufficiently large |x| each of the integrals in curly brackets in (62) is
less than

(63) exp{{-c +c?[e22/? + (2/qX1/pp)" /P~ V)] +a(B + k + I + 1)}|x/?}.
Given b > 0, we now fix € so small and p (or equivalently [) so large that

€29/ + (2/q)(1/pp) < 1/q(2bp)*~".

Next we choose ¢ = 2bp and @ = b/(B + k + 1 + 1). Then the expression in

(63) is less than e~51x1P, In order to satisfy condition (50) we have, however,
to choose m > a~(c\/2)9.
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A representation similar to (62) can be obtained for the contribution to-
ward the right-hand side of (60) of the two remaining integrals which make up
&,(x, ¥). The sum of the first terms in these representations is

(Efl_)EDaO."T J;z * fkl J;i - J;, fx )ei(x':)dfz sy

(210 J‘Ai J‘Ai eix,8) d&-2 dg-l G )2DQJ‘J' PLEA Y dg- dg-l

and, for sufficiently large |x|, we have

7S Sy,

Sel-cta(k+2)]1xP L o=bIxIP

under the above choice of ¢ and a.
In view of (58) the proof of the lemma will be complete if we can choose
€, a sufficiently small and ¢, m sufficiently large to insure that

(64) J':“J_:. fp(y)D;+B A; &,(x ) dy,dy, = O(e~® lxlp)

as |x| — oo, for |a] <k and |8] <I. We again prove (64) for one of the three
integrals of which g, (x, y) is composed, namely for

(65) j‘lx—yl f.x-ypltz o FE =2 SO (2, X5(t,) dt, dt,

—lx-y1
where §(¢) is as in (61). The other integrals can be estimated analogously.
The part of (64) generated by the integral (65) can be written in the form
¥ L 150005 856,65 9 8y,
r,s=0 I X I

where I}y = (~e, x,), I} = (x;,%),j = 1,2, and

1x=yl|

—Ix=y| le-y|>|t2|>|x| FG =y, . SN 11)8 2(05) dty d,y

G,s(x, »)=
with
nsd @ = (§1(11), $2(2),
£1(ty) = 0*(2,) + C1)in(ey),
o 2(t) = o(ty) + C1Yin(ty).

But, for [n] < m logl| and [{| = C,,,, the function [S§)&, §¥] " is bounded
together with all its derivatives, because of (51). Therefore, if |x —y| is suffi-
ciently large and > |x|, we have
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IS+ Ab G, ((x, )| < exp{=clx|P +a(2u + k + 1+ 3)|x - yI°},

r,s=0,1.
For a given b > 0 we now set ¢ = 2b and choose p (or equivalently /) so
that p > b. Next we choose & so small that aQ2u + k + I + 3) < b/2P. Again
m must be sufficiently large, because of (50). It follows that

—p1x1P
IIJ; fﬁ(y)D;‘Fp A; Gr,:(x’ y)dy,dy, = O(e bix| )
I, xIg
as |x| — oo, which proves (63) and thus the lemma.

ReMARK. Note that condition (51) is not inconsistent with the choice of
the constants in the proof of Lemma 4, since € can be chosen arbitrarily small.

8. Sufficiency of condition (h;). In order to establish the sufficiency of
(h3) we need only to prove

THEOREM 10. Let S be a distribution in OL(K;, : Kp). If for every pair
(b, k) there exists a (b, k)-parametrix for S, then S is hypoelliptic in K;,.

PrOOF. Suppose that U is a solution in K;, of the equation
(66) S*rU=V

where ¥V € EK;,. We have to prove that, in fact, U € EK;,.

By Theorem 1, we can write U = DBf where f is a continuous function
such that

(67) £G) = 0E1™®) as x| — o,

for some constant b, > 0.
On the other hand, since ¥V € EK,,, V¥ is a C™-function such that
(68) D*Vx) = 0"y a5 |x| — o,

for some b, > 0 and all .

Suppose now that [ is any given positive integer. By assumption there ex-
ists a (b, k)-parametrix P for S with b = b, + b, + 1 and k = + |8|. Thus we
have

(69) SeP=5-W

where P and W satisfy the growth conditions in (p,) and (p,).
From (66) and (69) it now follows that

U=U*b5=U*(S*P)+U*W
=U*S)*P+UsW=VsP+UsW
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where the convolutions are well defined and the associativity is legitimate because
of the rate of decrease of P and W.
But ¥V = P is in EKj, since by (p,),

D’VsP)= Y D"V =f,,

la'l<m

where
fo(%) = 0(e™ 2Py a5 x| — oo,
so that ¥ * P is a C* -function and, by (68),

DXV » PYx) = 0("*™*") s |x| — oo
for all a.
AlsoUxW=f=» DBW, which shows that U * W is a function in C’ and,
by (67),

DU + W) = 0" ™) a5 x| — o0
for o] <L
Consequently U is a function in C’ and

DRU(x) = e®1+22)P

as |x] —> o°
for |x| <L But ! was arbitrary and therefore U must be in EK'p.
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